Studying the physics of compact objects in modified theories of gravity is important for understanding how future observations can test alternatives to General Relativity. We consider a subset of vector-tensor Galileon theories of gravity characterized by new symmetries, which can prevent the propagation of the vector longitudinal polarization, even in absence of Abelian gauge invariance. We investigate new spherically symmetric and slowly rotating solutions for these systems, including an arbitrary matter Lagrangian. We show that, under certain conditions, there always exist stealth configurations whose geometry coincides with solutions of Einstein gravity coupled with the additional matter. Such solutions have a non-trivial profile for the vector field, characterized by independent integration constants, which extends to asymptotic infinity. We interpret our findings in terms of the symmetries and features of the original vector-tensor action, and on the number of degrees of freedom that it propagates. These results are important to eventually describe gravitationally bound configurations in modified theories of gravity, such as black holes and neutron stars, including realistic matter fields forming or surrounding the object.
Introduction
The physics of black holes and other gravitationally bound objects can probe non-perturbative aspects of gravitational theories, in regimes that deviate from weak-field approximations. This is particularly important to explore modified gravity theories equipped with screening mechanisms, motivated by the dark energy problem, which satisfy the strong constraints on deviations from General Relativity (GR) in the weak-field limit. See [1] for a review. The existence of non-trivial black hole solutions in scalar and vector-tensor theories of gravity is challenged by powerful no-hair theorems, which can forbid the existence of solutions with scalar or vector hairs (see e.g. the nice review [2] ). Ways out to these negative results exist, avoiding explicit or implicit assumptions at the base of the no-hair theorems. For example, in shift symmetric Horndeski scalar-tensor theories [3] , a theorem by Hui and Nicolis generally forbids the existence of static black hole configurations with non-trivial scalar hair [4] . Sotiriou and Zhou [5, 6] found a way to avoid one of the hypothesis of the theorem, by selecting particular, non-analytic forms for the free functions characterizing Horndeski theories. Many generalizations of these results have then been developed, see e.g. [7] [8] [9] for comprehensive reviews.
In this work, we investigate spherically symmetric and slowly rotating configurations in the vectortensor Galileon theories of gravity [10] [11] [12] introduced to address the dark energy problem. In this case, Bekenstein classic no-hair theorems [13] can be circumvented, leading to more general families of black hole solutions, first found in [14] and then generalised in [15] . Here we study theories with non-analytic choices of free functions characterizing them. These cases have not been much explored in the vectortensor case, and have several interesting features that we point out for the first time. In Section 2 we show that such choices of free functions are associated with new symmetries, which can lead to systems propagating less than the expected number of degrees of freedom. The symmetries we identify allow us to single out specific vector-tensor Galileon systems, and we analyse the properties of spherically symmetric and slowly rotating configurations in these systems. In Section 3 we analyse a set-up where the vectortensor action is accompanied by an Einstein-Hilbert contribution, as well as by an arbitrary, unspecified matter Lagrangian, with the only requirement that the latter does not directly couple with the vector field. We prove that stealth solutions exist, whose geometry coincides exactly with the one found in Einstein gravity coupled with the matter fields, but additionally with a non-trivial profile for the vector with specific integration constants. We interpret these results in terms of the properties of the original action, and the number of degrees of freedom that it propagates. We then show that by adding a standard Maxwell kinetic terms for the vector, one finds configurations that are small modifications of ReissnerNordström black holes. We sum-up in Section 4 with a discussion of possible further developments.
System under consideration
This Section introduces the special class of vector-tensor theories we examine, and find new symmetries which can lead to systems that do not propagate the vector longitudinal mode.
Special vector-tensor theories
The vector-tensor theories dubbed vector Galileons or generalized Proca [10] [11] [12] have been first introduced as vector-tensor versions of Galileon and Horndeski actions. Subsequent investigations started to explore their field theoretical [16] and cosmological [17] ramifications.
The vector-tensor Lagrangians we consider are 1 :
where the G i are functions of X only, and
We assume that A µ has mass dimension one, as suggested by the standard canonical normalization of Maxwell kinetic term. If the vector is curl-free and has no transverse polarizations, we can write A µ = ∂ µ π for a scalar π, and we obtain the shift-symmetric scalar-tensor Horndeski theories. Since Lagrangians (1)- (4) explicitly depend on the gauge potential A µ , they break the Abelian U (1) gauge symmetry. Around flat space, they generally propagate five degrees of freedom, which can be decomposed into two tensors, two vector transverse modes, and one scalar (the vector longitudinal polarization). As for scalar Galileons, interactions have been selected such to avoid the propagation of a ghostly Ostrogradsky sixth mode [11, 12] . There are special cases though, where new interesting symmetries emerge. Consider the following specific choices of functions G i in eqs (1)- (4):
with m a parameter with dimension of a mass. Since these choices of functions G i are non analytic, the system spontaneously breaks Lorentz symmetry, and any consistent vacuum requires A µ = 0. This can be a relevant feature when applying these systems to cosmology, or when studying spherically symmetric configurations, as we are going to do in the second part of this work. When the G i are chosen as in eqs (6)- (9), up to overall constants and total derivatives, the vector tensor Lagrangians (1)- (4) can be re-expressed as
with i = 2, ..5 and the vectors J
Expressions ( 
The quantities J µ (i) are the vector analogues of the conserved currents in shift symmetric scalar-tensor Horndeski theories, see e.g. [4] . The non analytic choice of functions G i might seem pathological or, at the very least, too specific for exploring phenomenological consequences as properties of black hole solutions. On the other hand, these vector tensor theories have important distinctive features, which further motivate their study. They are candidates for the building blocks of 'massless' set-ups, since can propagate less than five degrees of freedom, even in absence of an Abelian gauge symmetry. We support this statement by means of two arguments, based on symmetry properties. In Section 2.2 we analyse a decoupling limit, where a new global symmetry arises for all the theories above, preventing a scalar mode to acquire a dynamics, and allowing the propagation of at most four degrees of freedom. In Section 2.3, we show that some of the theories above enjoy a new symmetry even outside the decoupling limit, which can forbid the propagation of the vector longitudinal polarization around flat space.
Decoupling limit and associated symmetry
We identify a regime where scalar, vector, and tensor modes are decoupled, and the self-interactions of the longitudinal vector component can be isolated and clearly identified. Such decoupling limit allows us to make manifest a new symmetry characterizing the special Lagrangians that we consider, which prevents the propagation of the scalar mode associated with the longitudinal vector degree of freedom. The study of similar decoupling limits have been essential in the past to identify the dynamics of degrees of freedom in modified gravity theories, such as dRGT massive gravity (see e.g. [19, 20] for reviews). In [11] , theories of vector Galileons were constructed by demanding that a decoupling limit exists, where the action for the scalar longitudinal vector mode obeys a Galileon symmetry. We now discuss a regime which leads to a different symmetry for the system we focus on.
The reference action that we consider is
where the Lagrangian densities L (i) are given in eqs (10) (it is more convenient to work with the Lagrangians as expressed in terms of currents).
First of all, we restore an Abelian gauge symmetry in the system by introducing a Stückelberg field. We make the following substitution whenever we meet a vector potential in our action:
with π a scalar Stückelberg field of mass dimension one, and for convenience m is the same parameter appearing in the currents (11) . After applying the Stückelberg trick, action (16) is invariant under the Abelian gauge symmetry
for an arbitrary function ξ(x). We now perturb the metric around Minkowski space:
where h µν is the canonically normalised metric fluctuation. Decoupling proceeds in two steps. First, we decouple gravity sending M P l → ∞: all the dependence of the metric fluctuations in the vector part of the action disappears. Then, we decouple the vector transverse modes from the vector longitudinal scalar mode. We do so by considering the simultaneous limits
where i = 2, . . . 5 is the index labelling the Lagrangians (10), Λ a new energy scale, and β i some new finite dimensionless parameters. Notice that, when taking the limit m → 0, the constants λ i must go to infinity (or to zero, depending on the value of i) in order to keep β i finite. We obtain the following decoupled action around Minkowski space:
where L kin (h µν ) is the standard quadratic kinetic term for spin two tensor modes. Notice that the three sectors -tensor, vector, scalar -are decoupled as desired. L scal (i) are the four scalar Lagrangians introduced in [21] :
where
Besides a constant shift symmetry, such Lagrangian densities are invariant -up to total derivatives -under the scalar symmetry
with ω µ an arbitrary, constant four-vector. This fact has been shown in [21] , to which we refer the reader for further details. Symmetry (27) is more manifest when embedding the system in a higher dimensional brane-world setting. It is inherited by a bulk higher dimensional rotational symmetry, spontaneously broken by the presence of a brane, with π playing the role of Goldstone boson (see also [22] for the original papers developing these techniques).
No propagating scalar mode
This symmetry is very constraining: in fact, it does not even allow for the propagation of standard scalar excitations. In our decoupling limit, we consider as reference metric Minkowski space-time, and a vanishing profile for the vector transverse modes. The scalar equation of motion, and the non-analytic structure of Lagrangians (23)- (26), require a time-like non trivial profile for the scalar field, such that X s > 0. The scalar equation of motion associated with the decoupled action (22) contains second derivatives of the scalar field, and any background configuration linear in coordinates is a solution: we denote such background configurationπ
for some arbitrary time-like vector c µ . We consider the case of constant time-like vector c µ , and choose a frame where c µ = (c 0 , 0, 0, 0), with c 0 constant, so to preserve spatial isotropy. This scalar background spontaneously breaks Lorentz symmetry, and furthermore reduces the scalar symmetry (27) to
for an arbitrary three spatial vector ω a (with a = 1, 2, 3). This residual symmetry tells us much about the (absence of) dynamics of scalar excitations. We denote perturbations around the background scalar profile asπ:
The action of quadratic fluctuations forπ around the scalar background satisfies a linearised version of symmetry (29), i.e.
But such residual symmetry prevents the existence of a term quadratic in time derivatives in the quadratic action forπ. Such term would violate the residual symmetry (31) , since the former is not invariant under the latter:
In the last step we integrated by parts, and removed a total derivative. This fact shows that, around flat space and a time-like scalar background, scalar excitations are non-dynamical since a symmetry prevents them to acquire standard kinetic terms. We identified a decoupling limit where a new symmetry arises, and the action (22) propagates only four degrees of freedom, two tensors and two vectors.
A symmetry outside the decoupling limit
It is natural to ask whether the results of Section 2.2 remain valid also outside a decoupling limit, in particular whether the theory described by Lagrangians (10) propagates four or less degrees of freedom. The analysis in this case is made more subtle by the fact that the theory spontaneously breaks Lorentz symmetry, due to the presence of non-analytic functions in the formulation of the action. A proper Hamiltonian analysis would require the classification of primary and secondary constraints, but this goes beyond the scope of this work. For studies of related problems in the context of scalar-tensor theories, see e.g. [23, 24] . Nevertheless, again using symmetry arguments, we are able to provide indications that our systems propagate less than the expected five dofs, at least for some of the Lagrangians of eqs (10), and around certain backgrounds. We impose a discrete parity symmetry to the vector-tensor theories we consider
which singles out Lagrangians L 2 and L 4 from the system of eqs (10):
These Lagrangians are particularly important for the analysis of spherically symmetric configurations describing compact objects, as we shall discuss in the next section. Lagrangian L (2) of eq (34) and a modification of L (4) given bỹ
are independently invariant under a new gauge symmetry acting on the metric only,
for arbitrary scalar function ξ. We checked this statement by brute force using the Mathematica package xAct [25] . In Appendix A, we explain the heuristic method we used to deduce the existence of this symmetry: it arises from a certain limit of a disformal transformation acting on theories equipped by standard Abelian gauge invariance. It would be interesting to derive in full generality the consequences of this new symmetry, in particular for what respect the total number of degrees of freedom which it allows to propagate 2 . Here we focus our attention to the dynamics of fluctuations around flat space: we support the findings of Section 2.2 but this time taking into full account the coupling between gravity and the vector longitudinal mode.
We 'switch off' the vector transverse modes, and only focus on the vector longitudinal component, which is a scalar whose dynamics we wish to study:
In this case, Lagrangian L (2) reduces to the cuscuton model, which has been shown not to propagate scalar degrees of freedom [26] : hence we do not consider it here any further. The two Lagrangians L (4) andL (4) of eqs (35) and (36) coincide in this scalar-only limit, and give the scalar Lagrangian
which describes interactions of the vector longitudinal mode with gravity and with itself. This scalar Lagrangian is invariant under a scalar-tensor limit of symmetry (37):
for arbitrary ξ.
We now add an Einstein-Hilbert term to the system and analyse the action
describing gravity coupled with the vector longitudinal mode. We show that symmetries availablestandard diffeomorphisms, as well as the new symmetry (40) -prevent the propagation of the scalar excitation around flat space. Notice that the analysis is made more subtle by the fact that, while L s
respects the new symmetry (40), the Einstein-Hilbert term is in general not invariant under this symmetry (although it might be in specific cases). Flat space g µν = η µν is a background solution for the equations of motion associated with the action (41), for any constant time-like vector background
We study the dynamics of fluctuations around this background. Perturbations are denoted as
withĥ µν metric fluctuations, andπ the scalar fluctuations. Local infinitesimal diffeomorphisms act on metric and scalar fluctuations aŝ
for an arbitrary function α µ of small size, withc ρ the vector controlling the scalar background (42). A non-vanishing background forπ spontaneously breaks diffeomorphisms (introducing the last contribution to eq (46)). Symmetry (40), distinctive of the L s (4) contribution to action (41), gets also spontaneously broken by the scalar vev. It acts on the metric fluctuations aŝ
for an arbitrary quantity ξ of small size. Notice that symmetry (47) is equivalent to a linearised diffeomorphism acting on the metric only, hence in this case the Einstein-Hilbert term is invariant under this transformation as well.
To analyse the dynamics of scalar fluctuations, we select a gauge and choose a convenient profile for the diffeomorphism parameter α µ :
Such unitary gauge moves the fluctuationπ from the scalar to the metric fluctuations, that gets a contribution depending on derivatives ofπ (see eq (45)):
In principle,π might acquire dynamics when expanding L s (4) quadratically in fluctuations. However, we can still exploit the symmetry (47), to show thatπ is a non-dynamical gauge mode also for L s (4) . Making the choice
in eq (47) we can remove the π contribution from (49). Hence, around flat space, the scalar mode does not propagate.
It would be interesting to further exploit consequences of symmetry (37) to study in full detail the dynamics of fluctuations also around more general background configurations, and including transverse vector modes. As the brief analysis above shows, the number of propagating degrees of freedom should be controlled on the symmetries available around a given configuration. We leave this issue for the future. In the next Section we are going to examine the physics of spherically symmetric and slowly rotating solutions to the equations of motion associated with specific vector-tensor actions.
Spherically symmetric and slowly rotating solutions
In the previous Section, we discussed candidates of vector-tensor theories that can propagate less than the expected five degrees of freedom, even in absence of an Abelian gauge symmetry. Vector-tensor theories of gravity that do not propagate the vector longitudinal mode can be interesting for phenomenology, since they automatically avoid long range fifth forces associated with light scalar fields. In this Section, we discuss ramifications of these theories for configurations that can describe compact objects. We focus on a subset of these actions which obey a further parity symmetry A µ → −A µ : the Lagrangians L (2), (4) given by eqs (34), (35),
We examine spherically symmetric and slowly rotating configurations associated with such Lagrangians. In Section 3.1 we consider an action which includes the Einstein-Hilbert contribution, plus Lagrangians L (2) and L (4) of eqs (51), (52). We prove a theorem on the existence of stealth configurations in the presence of arbitrary additional matter besides the vector-tensor Lagrangians we consider. The resulting regular solutions have the same geometry as in Einstein gravity coupled with matter, and a non-trivial vector profile characterized by independent vector charges. We also consider physical consequences of our findings in terms of the degrees of freedom the system can propagate, making further connections with the results of Section 2.3. These results can be important to describe configurations describing black holes or neutron stars in modified theories of gravity including more realistic astrophysical matter forming or surrounding the object.
In Section 3.2 we add to the action the standard Maxwell kinetic term for the vector fields in the action, and we show that spherically symmetric configurations correspond to a Reissner-Nordström configuration, plus small subleading corrections at large radial distances. We discuss how the geometry depends on features of Lagrangians L (2) and L (4) .
Stealth spherically symmetric and slowly rotating configurations
Consider the action
with L (2),(4) the vector-tensor Lagrangian densitites of eqs (51), (52). L matter describes an arbitrary matter Lagrangian, with the only condition that matter does not directly couple with the vector field A µ (but only indirectly through gravity). We prove that the system admits spherically symmetric solutions -as well as solutions in slow rotation -which coincide exactly with the ones of Einstein gravity coupled with L matter (i.e. with the solutions obtained without the L (2), (4) contribution to the previous action). These are examples of stealth spherically symmetric configurations with a non-trivial profile for the vector field.
The general proof
The metric Ansatz we adopt for a general spherically symmetric configuration is
We choose an Ansatz for the gauge field profile preserving the spherical symmetry, and with only the time-component turned on
When considering spherically symmetric configurations and the metric Ansatz (54), the radial profile of the metric component D(r) or of H(r) can be chosen arbitrarily by means of a coordinate redefinition. Then the remaining metric components are uniquely determined by the equations of motion. Indeed, a shift of time coordinate
for some arbitrary function G(r) leads to the following metric and vector field profiles:
Usually such coordinate freedom is used to remove the off-diagonal component, making the specific choice G = D in eq (62). On the other hand, in what comes next we need to have gauge freedom to choose a profile for H(r), hence we maintain the general Ansatz (54) including the off-diagonal component.
With the metric and field Ansatz (54), (55), we proceed to study the equations of motion. There are four equations to satisfy, associated with the four quantities A 0 (r), F (r), D(r), H(r).
Plugging the Ansatz in eq (53), we find that A 0 (r) appears only linearly in the action, and multiplies a combination depending only on H(r). This property is distinctive of our choice for G 2, 4 in eqs (6) and (8) . The action results
with the prime denoting a derivative along the radial coordinate. Hence the vector equation of motion for the component A 0 (r) is special, since it provides a constraint condition on the geometry:
with solution
where µ is an arbitrary integration constant with dimension of a mass. Recall that, as discussed around (62), the metric function H(r) is a 'pure gauge' and its profile can be modified by changing coordinates. But for the moment we work with the solution (61) for the vector field equation, and proceed to characterise the remaining unknown quantities, determined by the equations of motion associated with the metric components. The equations of motion for the metric components F (r), D(r) are insensitive to the vector component A 0 (r) (since the dependence of the action on A 0 (r) is limited to the first line of eq (59)), hence they have the very same solutions as in Einstein gravity coupled with matter Lagrangian L matter (in other words, they do not realise the presence of L (2), (4) in eq (53)).
Finally, the equation of motion relative to H(r) depends explicitly on the vector profile, and can be used for determining A 0 (r). The vector field profile is non-trivial, and is controlled by the geometry (without affecting it). In general, we expect that the vector profile depends on two independent integration constants (besides the ones that control the geometry): one is the integration constant µ entering in the solution of the eom for A 0 (r) in eq (61). The other an integration constant associated with the eom for H(r) (we will expand on this statement in a specific example next). After having determined the solution, if one wishes, one can make a coordinate transformation as in eq (62), setting the metric in a diagonal form choosing G(r) = D(r), and turning on a radial component for the vector profile. From the arguments above, the geometry is the one of Einstein gravity coupled with L matter .
The very same general proof we have developed can be applied to describe configurations in slowrotation, described by the line element [27] 
and
with a the rotation parameter. The corresponding system of equations can be studied in an expansion at first order in a, leading to the very same conclusions we derived above. When L m = 0, the function W (r) acquires a profile W ∼ 1/r 3 , the same as in the slow rotation limit of the Kerr configuration in Einstein GR. In presence of matter, the eom for W (r) can be sourced by it.
After this general proof, we now discuss the case with cosmological constant as an example to concretely explain the structure of the solution, and to show the existence of two integration constants associated with the vector profile.
A concrete example: space-time in the presence of a cosmological constant It is well known (see e.g. the papers [28] , and [9] for a general review) that adding a cosmological constant to generic Horndeski scalar-tensor systems lead to spherically symmetric black hole solutions which are quite different from their counterparts in Einstein gravity i.e. (A)dS-Schwarzschild black holes. On the other hand, for the specific choice of vector-tensor action (53) with L matter = −6 Λ, our arguments suggest that there is a solution to the field equations whose geometry coincides with the one of General Relativity.
We can prove this fact directly, proceeding as discussed above. Adopting a spherically symmetric metric and vector field Ansatz as in eqs (54), (55) with an off-diagonal component for the metric, it is straightforward to find the explicit, unique solution:
This configuration depends on three integration constants: the parameter µ (with dimension of mass), which enters in the profile of H(r), and is associated with the eom for A 0 (r); the mass parameter M , which enters in the profile of F (r), and comes from solving the equations of motion for D(r), F (r); and finally, the parameter Q in the profile for A 0 (r) (with dimension of mass) associated with the eom for H(r).
By doing a coordinate redefinition as explained around eq (62), the metric can be put in a diagonal form, which makes it more recognizable:
As expected, this is a stealth (A)dS Schwarzschild black hole configuration, which depends on the integration constant M , the mass of the black hole. On the other hand, in this frame, the vector profile is non-trivial, and has two components switchted on:
The vector field profile contains two integration constants: Q, which can be interpreted as the standard vector 'electric' charge associated with the vector component A 0 ; and µ, a new parameter that contributes to characterize the vector solution.
Physical consequences
These results ensure that there exist spherically symmetric and slowly rotating solutions of action (53) which coincide with the ones of Einstein gravity, coupled with matter Lagrangian L matter . At the same time, the vector field acquires a non-trivial profile, which depends on the geometry and extends to asymptotic infinity and is characterized by specific, independent integration constants. These findings are useful for embedding these vector-tensor theories of gravity in more realistic settings, including astrophysical matter forming or surrounding compact, gravitationally bound objects. It is tempting to relate the findings of this Section to the results of Sections 2.2 and 2.3, which indicate that the theories under consideration propagate less than the expected degrees of freedom: possibly, spherically symmetric configurations coincide with the ones of Einstein gravity, because matter in this case does not excite additional vectorial degrees of freedom, which can backreact on the geometry modifying it. It would be interesting to further pursue these arguments to understand how the conditions of finding stealth configurations in modified gravity theories are associated with the number of propagating modes.
It is also interesting to ask how to probe the non-trivial, asymptotic vector profile associated with the geometry, and the vector 'hairs' associated with the specific vector integration constants. A possibility is to couple the vector to probe matter fields, although then backreaction effects of the vector to the geometry should be taken into account. Alternatively, we can give kinetic terms to the vector in the form of a standard Maxwell action: we discuss this case in what follows.
Including Maxwell action: small deviations from Reissner-Nordström
We now investigate how the results of the previous Section are modified when including vector kinetic terms to the system. We consider the action
with the choices (51) and (52) for L (2) , (4) , and without loss of generality we set m = M P l . We find that spherically symmetric solutions, in absence of additional matter, resemble Reissner-Nordström (RN) configurations in certain regimes, with small deviations induced by the vector-tensor Lagrangians L (2), (4) . The Ansatz for the metric and the gauge field we start with is the same as in (54). When the vector kinetic term is absent, λ 2 drives the vector field profile to diverge asymptotically, although the metric remains asymptotically flat. When the vector kinetic term is included, λ 2 spoils the asymptotic flatness of the metric. Therefore, we start with the simpler case λ 2 = 0. The metric components F , H and D can be written in terms of A 0 and one integration constant that we call M . A 0 (r) satisfies the equation
At large distances, this equation admits a parametric solution in terms of an inverse radius expansion
where the coefficients a i are determined by P , Q and the parameters of the model. M does not appear in these coefficients. For example, the first few values of a i are (r h ) Figure 1 : g tt and A 0 for λ 2 = 0. The dashed line shows the case without vector kinetic term, where Schwarzschild BH's of radius r h are formed; for both solutions -with and without vector kinetic termthe radial coordinate is normalized over this r h . When the Maxwell term is on, the horizon position is shifted to smaller values. In both cases, the metric is asymptotically flat and A 0 asymptotes to a constant value. For these plots, we use λ 4 = 1, and the asymptotic values P ≈ 5M p and Q ≈ −1600 and mass
Restoring the SI values of these constant, this is equivalent to 1 solar mass).
After diagonalising the metric as explained around eq (62), we find
This shows that, at large r, the solutions correspond to small deviations from a RN black hole, with a non-trivial profile for the longitudinal mode of the vector field. To investigate what happens for small r we resort to a numerical analysis. We solve eq. (73) by imposing initial conditions for A 0 and A 0 at a large radius r i and evolve inwards. We verify that r i is large enough for the solutions to respect the asymptotic behaviour found analytically, so that we can safely read from the solutions the black hole mass c 2 M/G, and the vector charges P and Q. We determine the radius of the black hole horizon r h by identifying the point where g rr = 0. The results are shown in Fig. 1 . The left panel shows the profiles for g tt = g rr , and the right panel shows the profiles for A 0 . For comparison, the dashed lines show the case without vector kinetic term, where the metric is exactly Schwarzschild. Only near the horizon the solution deviates from Schwarzschild. Interestingly, the resulting black hole horizon area is smaller than the one of a Schwarzschild or RN black hole with the same mass. This implies that these black holes are more compact than their GR or Einstein-Maxwell counterparts.
Now we turn our attention to the case where both λ 2 and λ 4 are different from zero 3 . Once again, the metric components can be expressed in terms of A 0 , which is determined from the equation Only when the vector kinetic term is present the asymptotic behaviour of the metric is sensitive to the asymptotic divergence of A 0 . Since we do not have an analytic expression for the asymptotic solution we do not have control over the charges of this solution, therefore we set the same initial conditions as for the case λ 2 = 0, and choose λ 4 = 1 and a small value λ 2 = 2 × 10 −11 , such that these initial conditions are approximately valid.
It is straightforward to verify that in the limit λ 2 → 0 this reduces to eq. (73). Since the solutions are not asymptotically flat, analytic expansions are difficult to implement, therefore we show only numerical results. To set initial conditions we assume a small value of λ 2 , so that the same initial conditions used for the asymptotically flat solutions with λ 2 = 0 can be used as an approximation. Fig. 2 shows the metric component g tt and the vector component A 0 . Both the metric and vector field components diverge for large r. Finally, notice that the quantity X = − 1 2 A µ A µ has a non-trivial profile, as shown in Fig. 3 . This is a difference with respect to configurations with no vector kinetic terms. For λ 2 = 0 we can write down an asymptotic analytic expression for X. Up to second order in 1/r, it has the form
For λ 2 = 0, we can write an expression for X in terms only of A 0 ,
but we cannot approximate its behaviour analytically since we do not know the asymptotic profile of A 0 .
To conclude, in this Section we shown that when including vector kinetic terms, the geometry depends on the details of the vector profile: when λ 2 = 0, the geometrical solution corresponds to a small deformation from RN black hole. When λ 2 = 0, the vector backreaction is more important, and the geometry is no more asymptotically flat. and λ 4 = 1. In both panels, the dashed line shows the constant value of X obtained when the vector kinetic term is absent.
Discussion
In this work, we have shown that specific examples of vector-tensor theories of gravity have novel gauge symmetries, which can prevent the propagation of the vector longitudinal degree of freedom, at least around certain backgrounds. Vector-tensor theories of gravity that do not propagate the vector longitudinal mode can be interesting for phenomenology, since they automatically avoid long range fifth forces associated with light scalar fields. We provided an heuristic understanding of these symmetries, as originating from a vector disformal transformation of an Abelian symmetric set-up. We then studied properties of spherically symmetric and slowly rotating configurations in this system. We have shown that a system containing Einstein gravity, vector-tensor Galileons, and an arbitrary matter Lagrangian (with no direct couplings to vectors) admits stealth solutions whose geometry coincides with solutions of Einstein gravity coupled with the matter Lagrangian. Nevertheless the vector field acquires a non-trivial profile, depending on specific integration constants. We commented on a physical interpretation of these results in terms of symmetries of the original action, and how the the vector profile can be probed by directly coupling matter and vectors, as for example in the interior of neutron stars. We also shown that when including standard vector kinetic terms in the form of a Maxwell Lagrangian, solutions for vector-Galileons in vacuum correspond to small modifications of Reissner-Nordstöm configurations.
These results are important to eventually describe gravitationally bound configurations in modified theories of gravity, such as black holes and neutron stars, including realistic matter fields forming or surrounding the object. Future developments can occur in two directions. First, it is important to classify in full generality all consistent vector-tensor theories which propagate only four degrees of freedom, even in absence of Abelian gauge symmetry. These more general theories, interesting for phenomenology, can be equipped by some alternative gauge symmetries, or simply enjoy second class constraints which prevent the propagation of additional modes. The lessons learned in studying these classes of theories can then be used for other contexts, as in scalar-tensor systems or, optimistically, to find explicit examples of partially massless massive gravity models. Second, our findings can be useful for further studying the physics of gravitationally bound compact objects in modified gravity, and for relating their properties to symmetries or features of the systems one examines. The existence of stealth solutions ensures that the starting background configuration coincides with the one of Einstein gravity, but can lead to sizeable differences when considering the dynamics of fluctuations, or when coupling vector and matter fields. We hope to report soon on new results along these directions.
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A Disformal transformation and symmetries
In this Appendix, we show that the vector-tensor Lagrangians
can be obtained from a certain limit of a disformal transformation acting on an Einstein-Hilbert system. This is useful to exhibit a new symmetry that these Lagrangians satisfy.
Details of the disformal transformation
We examine the following disformal transformation of the metric [29] , which involves vector degrees of freedom [30] (but see also [31] for important papers discussing consequences of disformal transformations in scalar-tensor systems):
with inverseḡ µν = g µν + γ 2 0
We define
and 2X = −A 2 . Here m is a mass scale (for definiteness, the same mass scale appearing in eqs (82), (83)), and an arbitrary dimensionless parameter, which we consider as small for the sake of our arguments. We apply the disformal transformation to a Lagrangian made of Einstein-Hilbert, Maxwell, and cosmological constant terms:
We weight parts of the Lagrangian density with powers of the parameter before performing the transformation, this will be important in what follows. The disformal transformation, when applied to the cosmological constant term, gives
= Λ m
In the → 0 limit, the resulting Lagrangian after the transformation is L (2) , given in eq (82).
While for the Einstein-Hilbert plus Maxwell Lagrangian, we find that the disformed contribution is
with
plus total derivatives. In the previous expression, F 2 = F µν F µν . In the → 0 limit, the resulting Lagrangian isL (4) given in eq (83).
An heuristic derivation of a new symmetry
Hence the initial Einstein-Maxwell action, equipped with a cosmological constant, is disformally equivalent to a set of vector-tensor theories, labelled by a dimensionless quantity which parameterises the disformal transformation. The original action has an Abelian gauge symmetry, while the final system is not Abelian symmetric. Nevertheless, we would expect that some form of memory of the original symmetry remains. Indeed, we are going to show that a new gauge symmetry arises for the disformed theory.
The disformal transformation we are examining is built in terms of the tensor object
The vector does not necessarily transform under disformal transformation. On the other hand, recalling that the original theory is invariant under gauge transformation, being built in terms of F µν , we can disformally map the vector to
for an arbitrary function f : the result of the disformal transformation is independent from f . These two facts imply that any transformation acting on the fields g µν , A µ , which leaves invariant expressions (93), (94), is a symmetry of the system, obtained after applying the disformal transformation. An example of symmetry is:
for an arbitrary scalar field ξ (with dimension inverse of the square of a mass). Notice that the vector transforms in eq (95) as an Abelian gauge transformation. The limit → 0 of this transformation is well defined, and consists of a transformation which only acts on the metric:
Hence transformation (97) is a symmetry for the Lagrangians of eqs (82), (83). It would be interesting to develop this method, based on disformal transformations, to find new symmetris for more general scalar Horndeski and vector tensor actions starting from specific Abelian symmetric actions.
